Abstract. We study the thermoelectric transport through a single-level quantum dot (QD) coupled to two normal metallic leads and side-coupled to Majorana bound state (MBS). The Coulomb interaction in QD is considered. To investigate only the influence of MBS on thermoelectric transport, we focus on the relatively high temperature region (T TK ), where Kondo effect does not appear. The electric and thermal conductance and thermopower as a function of gate voltage (i.e. QD level) are completely different whether the coupling between MBSs is zero or not. When the coupling between MBSs is finite, all thermoelectric characteristics are similar to the transport without MBS. However, for zero MBSs' coupling, the electric and thermal conductance peaks are reduced by 3/4. Especially, in the case of QD without MBS, the sign of thermopower changes three times, however, in the case of QD strongly side-coupled to ideal and isolated MBS, the sign of thermopower changes 9 or 5 times. It can be used for detecting of the signature of MBS. It has actual possibilities when the nanowire is long enough and pure without any defects.
Introduction
Majorana fermion is a particle that is its own antiparticle, which was predicted by Ettore Majorana [1] in the early years of relativistic quantum mechanics. Majorana fermion has been attracting lots of attention in condensed matter physics, due to its exotic nature, distinct with Dirac fermion, and its characteristics providing the faulttolerant topological quantum computing [2] [3] [4] [5] [6] [7] [8] [9] [10] . It is one of the open problems to find the Majorana fermion as an elementary particle in high energy physics, while it was suggested that it can exist as a quasi-particle in condensed matter physics, hence experimental efforts are dedicated to prove it [11] [12] [13] [14] [15] [16] . Unpaired Majorana fermions can be localized in certain range when the band structure of one-dimensional p-wave superconductor is topologically non-trivial (see e.g. Ref. [17, 18] ). For example, Kitaev [19] showed that unpaired and localized Majorana fermions (Majorana Bound States -MBSs) can be appeared in two ends of 1D p-wave superconductor which is topologically non-trivial. It can be achieved by attaching the semiconducting nanowire (InSb, InAs, etc.) with strong spin-orbit coupling into proximity with conventional s-wave superconductors (Al, Nb, etc.) and subjecting the external magnetic field [2, 17, 18, 20] . For topologically non-trivial, the Zeeman splitting should be satisfied a e-mail: cholwon ri@163.com that |E z | > µ 2 + ∆ 2 (here ∆ is superconducting gap and µ is the chemical potential of the wire).
Since Majorana fermion is not a real particle, but a quasi-particle, it can be detected by using some indirect effect like transport property. In particular, it can be regarded as one of the effective methods for detecting MBS to use the quantum dot (QD). To study MBSs in the ends of 1D p-wave superconductor (topological superconductor-TSC), there are lots of researches about electron transport through several structures such as normal metallic lead (NL)/QD/TSC [21, 22] , NL/QD/TSC/QD/NL [23] , QD side-coupled to TSC [24] [25] [26] [27] , T-shaped multiple QDs [28, 29] , and so on. In the case of spinless QD side-coupled to TSC, the zero-bias voltage peak of conductance is reduced by half than original unitary limit due to the combination with QD and MBS [24] and the zero frequency part of shot noise is increased due to MBS [25] . In the Kondo regime, however, the QD-MBS coupling makes the unitary-limit value of the linear conductance 3/4 [26] .
Thermoelectric transport is also one of the best routes to detect the MBS [30] [31] [32] [33] [34] [35] . Leijnse [30] showed that NL/QD/MBS structure can be used for detecting MBS by measuring the gate-dependent Seebeck coefficient. In spinless QD sidecoupled to MBS, the sign of the thermopower is changed and the both of the electrical and thermal conductance are reduced by half by being attached MBS to QD [31] . The thermoelectric transport through the Kondo QD sidecoupled to MBS was also studied [32] . Now there is no doubt for the existence of MBS. The problem is how the characteristics of thermoelectric transport through QD attached to MBS are in detail. Furthermore, the characteristics of thermoelectric transport through QD side-coupled to MBS will be changed much differently by the existence of MBS and Coulomb interaction. For example, in the absence of MBS the sign of the thermopower as a function of gate-voltage is changed once in spinless QD [31] , however, it changes three times when Coulomb interaction in QD is considered [36, 37] . So we can predict that change of the sign of the thermopower will become more complicated and interested due to the presence of MBS in such that system. In practice, it is also important to consider the QD with Coulomb interaction, instead of spinless QD, in the transport through the QD attached to MBS (more details will be discussed in Sect. 2).
In this paper we study a problem -the thermoelectric transport through a single-level QD side-coupled to MBS, where Coulomb interaction in QD is considered. The paper is organized as follows. Sect. 2 presents the model together with the formulas used to study thermoelectric characteristics and details some technical aspects related to the calculation of the QD Green function. Sect. 3 and Sect. 4 present our results and conclusive discussion.
Model and Methods
We consider a single-level QD coupled to two metallic leads and side-coupled to an 1D topological superconductor, suggested by D. E. Liu et. al [24] . The isolated Majorana fermion zero modes appear at two ends of nanowire with strong Rashba spin-orbit interaction due to the proximityinduced s-wave superconductor and the strong magnetic field applied whole system (see Fig. 1 ). Fig. 1 . The QD coupled to two metallic leads and sidecoupled to MBS [24] . Due to the proximity effect with s-wave superconductor and the strong magnetic field applied whole system, the nanowire with spin-orbit coupling becomes onedimensional topological superconductor (1D TSC) phase that isolated MBSs appear at two ends of the wire.
Many previous studies (see e.g. Ref. [24, 25] ) assumed that the spin degrees of freedom in QD can be ignored, i.e. QD can be regarded as spinless (or spin-polarized) QD due to the presence of strong magnetic field. However, the Zeeman splitting by the external magnetic field is not so large in many experiments. Let us take the recent experiment [14] as an example, which was studied the electron transport in the N/QD/TSC structure. There InAs nanowire was covered by epitaxial Al for almost region of nanowire and QD was made by very small bared InAs region at the end of nanowire. At that time, the interested parameters were given as following: the Coulomb interaction in QD is U ∼ 6meV, the effective superconducting gap is ∆ * ∼ 0.2meV, the effective Landé factor is g * ∼4, the critical magnetic field of s-wave superconductor is B C ∼ 2.2T, the threshold of magnetic field for making the nanowire topologically non-trivial is B C,topo ∼ 1T and the maximum magnetic field in experiment is B ∼ 2T. So, the maximum value of Zeeman splitting for maximum field B ∼ 2T is E z = gµ B B ∼ 0.5meV. It is satisfied the condition for topologically non-trivial nanowire, |E z | > µ 2 + ∆ 2 , because the superconducting gap of nanowire is ∆ * ∼ 0.2meV and the chemical potential of nanowire is gate-controlled. Therefore the Zeeman splitting in QD is rather smaller than Coulomb interaction U and we should consider but two spin component QD containing the Coulomb interaction between spin-opposite electrons rather than spinless QD.
The whole system can be described by the Hamiltonian given by:
Here H N L = kβσ kβσ c † kβσ c kβσ describes the non-interacting left (β = L) and right (β = R) normal metallic leads, kβσ is the single-electron energy in the β-th lead for wave vector k and electron spin σ = (↑, ↓) and c † kβσ (c kβσ ) denotes the corresponding creation(annihilation) operator. The second term By using the nonequilibrium Green function technique [38] , in the presence of the bias voltage and the difference of temperature between two normal leads, the electric current I and the thermal current Q from left to right lead can be written as following [39] [40] [41] .
where Γ β = 2π k |T kβσ | 2 δ(E − kβσ ) describes the contribution to the half-width of QD level due to tunnelling through the β-th lead,
(η = r, a) are the Fourier transforms of the retarded and advanced Green function of QD electron, respectively. In the limit of linear response and in the presence of small chemical potential difference δµ = µ L − µ R and small temperature gradient δT = T L − T R , electric current I and thermal current Q obey following linear equations [39] [40] [41] [42] :
where L ij (i, j = 1, 2) are the kinetic coefficients, being
where
The characteristics of thermoelectric transport, the electric conductance G, the thermal conductance κ and the thermopower (Seebeck coefficient) S can be determined as following [39] [40] [41] [42] :
To determine these characteristics one should calculate the retarded Green function of QD G
E . It can be calculate by using the equation of motion (EOM) method [38] in framework of nonequilibrium Green function techniques.
It is very difficult to calculate the retarded Green function by EOM method due to the presence of MBS and Coulomb interaction in QD, therefore it is very convenient to introduce the 4-component Nambu spinor formalism as following:γ
whereγ,ψ,χ describe the QD, normal metal lead (NL) and MBS, respectively. At first, the EOM for QD Green function
T is 2nd-order QD spinor, E = EI and I is 4 × 4 identity.
are the matrices of QD energy, NL-QD coupling, Coulomb interaction, respectively, and Λ is the matrix of MBS-QD coupling, defined as
In Eq. (7) the EOM for NL(MBS)-QD Green function
where kβ = diag( kβ↑ , − kβ↓ , kβ↓ , − kβ↑ ) is the matrix of NL energy and M is the matrix of coupling between two MBSs, defined as
The EOM for 2nd-order QD Green function G (2) (E) = γ (2) ;γ † E is more complicated. It has been contained NL(MBS)-QD 3rd-order Green function, such as c †
At this stage, we apply the Hartree-Fock approximation [38] (or Hubbard I approximation [43] ) to decouple the higher-order Green functions e.g. c †
Of course, this approximation ignores some correlations (quantum fluctuations) that appear at very low temperatures, and therefore can not account for important phenomena such as Kondo effect. However, if the temperature is much higher than the Kondo temperature, such correlations are very small, so in this case the Hubbard I approximation may be applied. As we discuss below (see in Sect. 3), the combination with MBS produces small and sharp peak (MBS peak) in the density of state near E = 0, whereas Kondo resonance related to the Kondo effect also appears near E = 0. The purpose for this paper is the influence for MBS to the thermoelectric transport, so we focus on the relatively high temperature region (T T K ), where only the MBS peak appears and the Kondo peak does not appear. In this decoupling approximation the EOM for the 2nd-order QD Green function is
whereñ is the matrix made of elements of number operator matrix n =γ † ⊗γ, defined as
The series of equation (7)- (10) is closed, therefore, we can get the QD Green function to solve it:
Λ are the self-energy due to NL-QD and MBS-QD coupling, respectively. The retarded and advanced Green function can be calculated as
E is the (1, 1) and (3, 3) element of retarded Green function matrix G r (E). In order to determine the retarded Green function matrix (12), we should calculate the matrix ñ (11) and for it, the average particle number matrix n , which is defined as:
where DOS(E) is the matrix of DOS in QD:
and it's (1,1) and (3, 3) elements are the local density of state of up-and down-spin electron in QD, respectively. The average particle number matrix n (13) and the retarded Green function matrix G r (E) (12) should be calculated self-consistently.
Note that the Hartree-Fock approximation for calculating the Green function is so lower that the result does not reflect the effects appeared at very low temperature, like Kondo effect. As a matter of fact, in order to study the Kondo effect, we should use the higher order of approximation.
Result and Discussion
For the simplicity we suppose that two metal leads are coupled to QD symmetrically, i.e. Γ L = Γ R and set the According to recent experiment [14] , we set the parameters for numerical calculation as following. By supposing the strong coupling between QD and metal leads, we set Γ = Γ L + Γ R ∼ 1meV, and also set the Coulomb interaction in QD, U ∼ 10Γ , the QD-MBS coupling, λ ∼ 0.5Γ , the coupling between MBSs, M ∼ 0.5Γ and the Zeeman splitting by external magnetic field, E z ∼ 0.4Γ . The bandwidth of metal leads is about D = 50Γ , hence all integrations are carried out in the region of −D ∼ D. As mentioned in Sect. 2, the temperature of the system should be much higher than the Kondo temperature in order to ignore the Kondo correlations, but the system contains swave superconductor, so the temperature must be lower than superconducting transition temperature. The Kondo temperature [44, 45] 
] in the case of λ = 0, U = 10Γ and d = −U/2 is approximately equal to 6.14 × 10 −4 Γ . From this consideration, we set the temperature of the system about 1K (k B T ∼ 0.1Γ ). Note that the Kondo resonance is destroyed on a temperature scale of order 20T K [46] . Throughout this paper, Γ is chosen as a unit in our calculations. Fig. 2 shows the DOS in QD as a function of (gatecontrolled) QD energy level d in the case of zero MBS coupling ( M = 0). As shown in Fig. 2(a) , DOS is symmetric about the particle-hole symmetric point (2 d + U = 0), d = −5Γ , and there are three peaks in DOS. Two peaks (Hubbard peaks) appear near the effective energy levels in QD (E = d and E = d + U ), while smaller one of them is split by E z = 0.4Γ due to the Zeeman splitting and larger one isn't split. Such a splitting becomes weaker and weaker and finally disappears when their weights are nearly same (The reason is why E z = 0.4Γ is smaller than the QDlead coupling Γ ). On other hand, very small peak (MBS peak) appears at E = 0, which is concerned about existence of MBS [see Fig. 2(b)] . When the energy level in QD is approached to the chemical potential of the leads µ = 0 ( d = −10Γ ), the Hubbard peak and MBS peak are mixed and formed three peaks (for small λ, these may be formed two-peak structure [24] ), and at exactly d = −10Γ , these peaks become symmetrical. Furthermore, it is important that MBS peak near E = 0 leans to the right (left) if the neighbour Hubbard peak is on the left (right), and becomes weak in the vicinity of the d = −5Γ (see Fig.  5 ). However, for M = 0, the characteristics of MBS peak in DOS shows a striking difference for M = 0 mentioned above. In case of M = 0.5Γ , the DOS in QD as a function of d has been shown in Fig. 3 . The positions and heights of the Hubbard peaks are nearly the same with one's for M = 0 [see Fig. 3(a) ]. But two MBS peaks appear at E = ±2 M and their heights are asymmetrical due to the neighbour Hubbard peaks, while they are symmetric at the position d = −5Γ [see Fig. 3(b) ]. Just as in the case of M = 0, when the energy level in QD approaches to the chemical potential of the leads µ = 0, the Hubbard peak and MBS peak are mixed and formed asymmetrical three peaks (for small λ, two peaks), and exactly at the position d = −10Γ , these peaks become symmetrical.
Such complicated properties of DOS affect the thermoelectric characteristics. The characteristics of thermoelectric transport shows very special modality due to the presence of MBS and Coulomb interaction in QD. Fig.  4 shows the electric conductance G, the thermal conductance κ and the thermopower S as a function of d for different M .
The electric conductance G is symmetric about d = −5Γ due to the particle-hole symmetry and there are two resonant peaks when the two effective energy levels in QD fit with Fermi level of leads. In case that QD is coupled to ideal isolated MBS (λ = 0.5Γ , M = 0), the height of resonant peak reduces by about 3/4 than the one without MBS (λ = 0), which is coincided with the result in previous study [26] . For M = 0.5Γ , the properties of G is nearly same with the case for one without MBS. The behaviour of thermal conductance κ is similar to G except for quantitative differences.
The thermopower S shows very fantastic manner. At first, for λ = 0, the sign of S changes at three points: one is the particle-hole symmetric point, while the others are the points where either of energy levels in QD is fitted with Fermi level of leads. For λ = 0.5Γ , M = 0, the sign of S changes 9 times, including above three times (Note that at above three points, S has the same tangent for λ = 0). The reason why sign of S behaves complicatedly is that the MBS peak near E = 0 leans to the left or right according to the changes of d , due to the shifting effects by interacting with two QD levels (see Fig. 5 ).
The sign of thermopower S is associated with behaviour of DOS near E = 0 [47] [see Eqs. (4), (5)]. At low temperature the derivation of Fermi-Dirac distribution function by the energy f (E) forms a negative sharpen peak, the full width at half maximum of the peak is 3.5k B T , hence f (E) defines a thermal activation window with the width Ω = 10k B T . Note that the DOS outside this window has almost no contribution to S [48] . As shown in third column of Fig. 5 , MBS peak near E = 0 locates within the thermal activation window and leans to the right (left) when the neighbour Hubbard peak locates on the left (right).
In Fig. 5 (c), the Hubbard peak at E = d + U stays outside the window (its tail may extend into the window), whereas MBS peak near E = 0 leans to the right, therefore, S < 0 (electron-like). However, when the MBS peak and the tail of Hubbard peak within the window contribute equally to thermopower, S = 0. If the Hubbard peak lies partly within the window [ Fig. 5(f) ], its contribution to S is larger than that of the MBS peak, leading to a positive S (hole-like). When d + U is approached to µ = 0, the Hubbard and MBS peaks are mixed and formed asymmetric three peaks (for small λ, two peaks) going down to the right [see inset in Fig. 5(f) ], therefore S > 0. Note that exactly at the position d = −10Γ , these peaks become symmetrical, leading to a zero S. The situations in Fig. 5 (i) and (l) are reversed from that in Fig.  5 (f) and (c), leading to negative and positive S, respectively. Note that in the former case, the MBS leans to the left weaker than in the latter case and its width becomes smaller, because the MBS peak lies between the two Hubbard peaks at E = d , E = d + U . As d approaches the particle-hole symmetry point, the width of the MBS peak becomes smaller and the MBS peak comes to be more symmetrical [ Fig. 5(o) ]. Therefore, the MBS peak has almost no contribution to S, whereas the small tail of the Hubbard peak located at the right gives the negative contribution, leading to a negative S. When M = 0.5Γ , however, the sign change in S is nearly same for λ = 0, because two MBS peaks appear not near E = 0, but at E = ±2 M [see Fig. 3(b) ]. Among the two MBS peaks, the MBS peak placed on the side of neighbour Hubbard peak is larger than the other, therefore, they do not contribute to the S-sign. To emphasize that even in case of M = 0.04Γ , the sign of S also changes 9 times due to the overlap of two MBS peaks at E = 0. That overlap becomes smaller and smaller according to the increasing of M , hence, original properties for λ = 0 will be recovered. Next, we consider the thermoelectric characteristics for M = 0 and various QD-MBS coupling λ, temperature k B T and Coulomb interaction U (see Fig. 6 ).
Let us consider first the G, κ and S for various λ with kT = 0.1Γ , U = 10Γ [see Fig. 6(j) ]. For large λ(= 0.5Γ, 1.0Γ ), the resonance characteristics of the electric conductance G and thermal conductance κ are not sensitive to the change of λ and the sign of S still changes 9 times. Except for quantitative differences in S-graph, there exist little changes of the points S = 0 according to the λ. It is why the larger λ is, the wider the width of MBS peak is and the larger the lean of that is. However, for small λ(= 0.05Γ, 0.1Γ ), the sign of S changes three times. Since the integral Eq. (4) is accurately related to Ef (E) rather than f (E), the DOS(E) near E = 0, which |E| k B T , makes only a small contribution to the sign of thermopower. Therefore, the MBS peak with the very small width makes little contribution to the sign of S. Since the width of the MBS peak is proportional to λ 2 , the sign of thermopower for a very small λ changes three times, as in λ = 0. For a very small λ, the resonance characteristics of G and κ are almost the same as for λ = 0. It is surprising that the sign of thermopower S for a medium λ(= 0.3Γ ) change 5 times. As mentioned above, the widths and leans of the MBS peaks lying between the two Hubbard peaks [see It is very interesting to consider the influence of temperature k B T to the thermoelectric characteristics. The higher temperature makes a little increasing of electric conductance G, because the resonant tunnelling is proportional to the width of k B T . The thermal conductance κ becomes much larger than G, because there exist above effect and the charge carriers carry out the energy k B T . The sign change of S according to the change of k B T is noticeable. In the case of k B T = 0.15Γ [ Fig. 6(n) ], for the λ = 0.05Γ , 0.1Γ , 0.3Γ , and 1.0Γ , the changes of S-sign are the same as for k B T = 0.1Γ , but for the λ = 0.5Γ , the S-sign changes 9 times. It is because the higher the temperature, the larger the width of the thermal activation window Ω = k B T , so that the contribution of the MBS peak to the sign of thermopower becomes smaller and the contribution of the Hubbard peak increases (The DOS (14) is related to the temperature k B T , however, the DOS resulted in our calculation is not actually sensitive to k B T ). When the temperature goes down, the situation is reversed: In the case of k B T = 0.07Γ [ Fig. 6(g) ] the number of S-sign changes for λ = 0.3Γ is 9, whereas in case of k B T = 0.05Γ [ Fig. 6(c) ] the S-sign for λ = 0.1Γ changes 5 times. It should receive emphasis that if the sign of S changes 5 or 9 times, then S-graph starts from minus and lasts plus, but if it changes 3 times, S starts with plus and end with minus (as in the case of λ = 0).
The Coulomb correlation parameter U does not qualitatively change the thermoelectric properties.
Finally, we discuss the thermoelectric characteristics by supposing very huge external magnetic field (E z = 100Γ ). As shown in Fig. 7 , for M = 0 the electric conductance G and thermal conductance κ form one resonant peak and for λ = 0 its maximum reduces half than one for λ = 0. The sign of thermopower changes once near the d = 0, while the sign for λ = 0 is opposite with one for λ = 0. For non-zero M , it shows no qualitative differences with resonant level model where λ = 0. In total, the previous result [31] is remerged as it was. It has turned out that under the huge external magnetic field one can regard it as appropriate that QD can be also considered as spinless QD.
Conclusions
In this paper we have studied on the thermoelectric transport through single-level QD side-coupled to MBS and presented the influence of MBS to the characteristics of thermoelectric transport through QD. Under not so large magnetic field Coulomb interaction in QD is considered, which agrees with the recent experiment [14] . We calculate the QD Green function represented by 4-component Nambu spinor formalism by using the EOM method in the framework of nonequilibrium Green function technique. To focus on pure effect of MBS, we consider only the relatively high temperature region (T T K ), where Kondo effect does not appear, so use the Hartree-Fock approximation.
The electric and thermal conductance and thermopower as a function of gate voltage (i.e. QD level) are completely different whether M is zero or not. For non-zero M , all characteristics are nearly the same with in the normal case without MBS. However, for M = 0, the height of the resonant peak in electric and thermal conductance is reduced by about 3/4 than the one without MBS. The behaviour of thermopower S is very interesting. In the case of normal QD without MBS, the sign of thermopower changes three times, however, in the case of QD side-coupled to ideal and isolated MBS ( M = 0), the sign of thermopower changes 9, 5 and 3 times for a large, medium and small QD-MBS coupling λ, respectively. Such complicated behaviour of the sign in thermopower is why the MBS peak near E = 0 leans to the left or right due to the shifting effect by interacting with two QD effective levels. Such behaviour of S is remaining as ever for different Coulomb correlation. The number of the sign changes of S for a given λ is not fixed but varies with temperature. As the temperature increases, the number of the S-sign changes corresponding to the λ giving the small width of MBS peak that does not contribute to the S-sign change increases. If is important that when the sign of S changes 5 or 9 times, S-graph starts from minus and lasts plus. For a very small λ, all characteristics are similar to those in the normal case without MBS. Finally we have showed that for huge magnetic field, the thermoelectric characteristics are similar with spinless QD's.
It is regarded that the fact that the sign of the thermopower in QD strongly side-coupled to ideally isolated MBS changes 9 or 5 times and the electrical and thermal conductance are reduced by 3/4 can also be used for detecting of the signature of MBS. Maybe, to measure the change of the sign of S is relatively easier and does not require the higher accuracy than to measure the exact numerical values. Furthermore, since the above characteristics are remaining as ever when the coupling between two MBSs is very small, it has actual possibilities when the nanowire is long enough and pure without any defects.
The change of sign in thermopower is related to behaviour of DOS at E = 0. At very low temperature Kondo peak appears near E = 0 and it should interact with MBS to make change of the sign in thermopower more complicatedly. It will be possible to study the properties above by using the higher order of approximations beyond HartreeFock approximation.
